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Introduction
In the context of the relativistic quantum theory of electromagnetism, the interaction among two electrically charged particles is mediated through the exchange of virtual photons. Photons are the quantum excitations of the electromagnetic field, which is a vectorial gauge field invariant under U (1) abelian transformations. Similarly, the strong and weak interactions are described by means of non-abelian vectorial gauge fields. Field theories describing the behavior of pure vectorial gauge fields are known as Yang-Mills theories. Symmetries and properties of Yang-Mills theories are basic ingredients for the theoretical treatment of the fundamental interactions between elementary particles. The study of the classical properties of Relativistic Electrodynamics, a particular case of abelian Yang-Mills theory, is a topic very well known in the literature [1, 2] . On the other hand, the classical properties of non-abelian Yang-Mills theories is a subject less studied in the field theory literature. But it is possible to find some books which perform a treatment about this subject [3] [4] [5] [6] . These books give a similar emphasis to the presentation of Yang-Mills equations as functions of gauge potentials, however the introduction of these equations in terms of non-abelian electric and magnetic fields is practically absent [6] [7] [8] [9] .
The main goal of this paper is to present some classical properties for non-abelian Yang-Mills theories. We can extract these properties writing the equation of motion for nonabelian Yang-Mills theories using the language of electric and magnetic fields. We write these non-abelian Maxwell's equations in both differential and integral forms as is usual for Maxwell's equations of Classical Electrodynamics. We restrict our interest to the case of the SU (3) Yang-Mills theory, however the analysis is the same for any group SU (N ). We show that non-abelian electric and magnetic fields can be generated by vectorial gauge fields. These vectorial gauge fields are also responsible for the existence of magnetic monopoles. Finally, we build the continuity equation and the energy-momentum tensor for the non-abelian case.
Non-abelian Maxwell's equations
Non-abelian gauge theories have some differences respect to the abelian ones, as for instance the existence of a multiplicity of gauge fields, self-interactions, and gauge transformations that involve the gauge fields [11] . Particularly these differences are clearly observed if we contrast the SU (3) YangMills theory, including color charge sources, with the Relativistic Classical Electrodynamics including electric charge sources. The SU (3) Yang-Mills theory is described by the following Lagrangian density:
where
is the non-abelian field strength tensor, A 
where λ b are the Gell-Mann matrices and ψ the fermionic fields. The equations of motion given by Eq. (3) represent a system of non-linear equations. The electric ( E) and magnetic ( B) fields, in Classical Electrodynamics, are defined as the components of the electromagnetic field strength tensor (F µν ), in the following form:
being n, i, j = 1, 2, 3. Starting from the Lagrangian density of the electromagnetic field with sources it is possible to obtain the Yang-Mills equations using the Euler-Lagrange equations. From these equations it is possible to obtain the homogeneous Maxwell's equations.
In an analogous way, we consider the non-abelian Maxwell's equations for the SU (3) Yang-Mills theory with color charge sources. The non-abelian field strength tensor is given by Eq. (2), where the covariant non-abelian gauge field is written as A a µ = (A 0a , − A a ). The electric and magnetic color fields are defined respectively as
being n, i, j = 1, 2, 3. In vectorial notation, the electric and magnetic color fields are [7] 
In contrast with the magnetic field of Electrodynamics, the magnetic color field for the SU (3) Yang-Mills theory can be written as the sum of a rotor term and a non-rotor term. Using the definition of Eq. (6) in Eq. (3), we obtain that the first Maxwell's equation for the SU(3) Yang-Mills theory with color charge sources is given by [6] [7] [8] [9] 
or in vectorial notation
where we have used the fact that the color charge source can be written as
. Accordingly the magnetic color field can be written as
then, the second Maxwell's equation is given by
which in vectorial notation can be written as [6] 
The other two Maxwell's equations are obtained from the definitions of the electric color fields, given by Eq. (6); and the magnetic color field, given by Eq. (7). These Maxwell's equations are [6] :
and
We observe that Maxwell's equations for the SU (3) Yang-Mills theory with color charge sources, which are given by Eqs. (11), (15) (11) and (15), we observe the presence of sources of electric and magnetic color fields whose origin are the gluon fields. It is possible to see that the bosonic fields are charged and simultaneously are source of magnetic field, i e. the gluonic fields have color charge.Additionally, as the divergence of B a non vanishing then there exist color magnetic monopoles and the sources are the gluons but not the quarks. It is also possible to see that the electric and magnetic color fields are not gauge invariant and therefore they do not have physical meaning.
So as classical electrodynamics predicts the existence of electromagnetic waves, the SU (3) Yang-Mills theory predicts the existence of non-abelian waves associated to the strong interaction. These waves are the solutions of the following wave equations that can be obtained from Maxwell's equations (see appendix):
The obtained Maxwell's equations can be extended directly for any non-abelian Yang-Mills theory, taking in account that for a SU (N ) gauge group there are N 2 − 1 generators, being N the dimension group. For this reason, Maxwell's equations for a non-abelian Yang-Mills theory are given by Eqs. (11), (15), (16) and (17), taking ab, c=1, 2, ..., (N 2 −1). For the case in which E a and A a are independent fields and if there exist particular boundary conditions in the problem, the solutions of the Maxwell's equations for a non-abelian Yang-Mills theory are unique [10] .
In a similar way as in the abelian Yang-Mills theory case, it is required that the non-abelian gauge fields transform as
a (x) . The transformation of the nonabelian field strength tensor has the form
If we now consider an infinitesimal gauge transformation given by
it is easy to prove that the non-abelian field strength tensor transforms as
This tensor is only invariant for the abelian case. Starting from Eq. (22), it is possible to find that the electric and magnetic color field can be written as
obviously the electric and magnetic color elds are not gauge invariant. For this reason, these field do not have any physical meaning. In similar way as the scalar and vectorial potentials are auxiliary constructions in electrodynamics, the electric and magnetic color fields do not represent measurable quantities in the non-abelian Yang-Mills theory. For these theories, it is possible to identify two scalar invariant quantities, which can be written down using the physical fields in (3 + 1) dimensions. These quantities are
Now we present bellow the integral form of non-abelian Maxwell's equations. We first integrate Eqs. (11) and (16) over the volume of a three-dimensional domain V enclosed by a surface ∂V , and we apply the Gauss-Ostrogradski theorem. We obtain that the integral form for the equations (11) and (16), that are [7, 8] 
We consider a two-dimensional surface S which is bounded by a loop L. We calculate the flux of the vector Eqs. (15) and (17) through S and apply Stokes theorem. We obtain the integral form for Eqs. (15) and (17), that are
Equations (27), (28), (29) and (30) represent the integral form of non-abelian Maxwell's equations. One of the most remarkable results in theoretical physics is provided by Noether's theorem, which establishes a relationship among symmetries of a given action and conserved quantities of the system described by the action [12] . This theorem is very important for classifying the general physical characteristics of the quantum field theories. cambiar por This theorem is very important for classifying the general physical characteristics of quantum field theories [11] . In electromagnetism there are only positive and negative electrical charges that label the different kinds of matter that respond to the electromagnetic field. More kinds of charge are required to label particles which respond to the nuclear forces. With more kinds of charge, there are many more possibilities for conservation than the one obtained from the sum of all positive and negative electric charges [3] . This fact can be examined by the continuity equation which is obtained from the non-abelian Maxwell's equations. Taking the divergence of the Eq. (15) and the time derivation of Eq. (11), then by summing we can obtain the following expression
Finally we can write the energy-momentum tensor for the Yang-Mills fields as [3, 5, 13, 14 ]
Let us now give the physical meaning of the various components of Θ µν . The component Θ 00 given by [7] [8] [9] Θ 00 = 1 8
is interpreted as the energy density. The component Θ i0 given by
is the momentum density for the non-abelian field. Finally, the component Θ ii given by
is the jth component of the momentum flow in the nonabelian field through a unit surface perpendicular to the x iaxis. We observe that the energy-momentum tensor in the non-abelian case has the same interpretation as in electrodynamics [1, 3, 5] .
Conclusions
In this paper we have obtained the equations of motion for the SU (3) Yang-Mills theory including color charge sources in an analogue way as the Maxwell's equations are obtained for electrodynamics including electric charge sources. These non-abelian Maxwell's equations have been obtained for the SU (3) Yang-Mills theory, but they are directly extendable for a SU (N ) Yang-Mills theory. We have found that Maxwell's equations do not only depend on E a and B a , but also on A a and A a 0 . From the divergences of E a and B a , it is possible to conclude that there exist sources of electric and magnetic color fields which are not fermions. It is possible to see that the bosonic field is charged and is alson simultaneously is source of magnetic field, i.e. the gluonic fields have color charge. Additionally, as the divergence of B a non vanishing then there exist color magnetic monopoles and the sources are the gluons but not the quarks. As happens with the gauge potential in Electrodynamics, we have also found that the electric and magnetic color field are not gauge invariant. For this reason, these field do not have any physical meaning.
In addition, we have presented the integral formulation of non-abelian Maxwell's equations by using the GaussOstrogradski and Stokes theorems. For these, we have first built the continuity equation and then we have introduced the energy-momentum tensor as a function of electric and magnetic color fields. The energy-momentum tensor has the same interpretation as in electrodynamics.
